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ABSTRACT: Electromagnetic field interacting with a topologically protected one-
dimensional electron helical state is shown to support a one-dimensional plasmon-
polariton, which is a collective electron excitation dressed with the electromagnetic field.
The electronic helical state arises at the surface of three-dimensional topological insulator
in the proximity of the ferromagnet and is localized at the magnetization domain wall.
This opens the possibilities to manipulate quantum optical states by altering magnetic
domain configurations. An exact spectral equation for such topological plasmon-polariton
is derived.
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The Dirac magnet is a model system that can be realized,e.g., in the form of a ferromagnet thin film in a close
proximity to a surface of a three-dimensional (3D) topological
insulator or topological semimetal. A perpendicular-to-the-
plane magnetization component in the ferromagnet induces a
finite effective mass of Dirac electrons in the topological
insulator. As a result, such a magnetic proximity opens up a
band gap in the Dirac electron spectrum, which destroys the
two-dimensional (2D) Dirac surface state. However, a one-
dimensional (1D) domain wall in the ferromagnet is imaged in
the Dirac electron system as a zero mass line that supports a
helical electronic state. The properties of such a state are
similar to those of a quantum Hall edge state. The difference is
that the helical state at the domain wall originates in the
anomalous Hall effect in the Dirac magnet.
The physics proposed can be realized, e.g., in the Bi2Se3/EuS
interface, where the magnetic proximity effect on topological
states has been already experimentally demonstrated.1,2 One
can also expect similar phenomena in ZrSiS thin crystal3 that is
weakly coupled through an oxide layer to a ferromagnetic thin
film.
In this Article, we investigate how these helical electronic
states may give rise to 1D plasmon-polariton excitations in the
presence of THz radiation. Excitation and detection of the
plasmon-polaritons are illustrated in Figure 1 in a setup that is
similar to the one used recently in a series of experiments with
the scattering SNOM technique.4,5
For a sake of qualitative analysis, we choose the simplest
model of the Dirac magnet that gives rise to helical electronic
states, described by the Hamiltonian ? :6
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where the direction z ̂ is chosen perpendicular to the 2D
surface, v is the effective velocity of Dirac quasiparticles (v ≈ 5
× 105 m/s), p is the momentum operator, A is the vector
potential, e is the electron charge (e = −|e|), iσ is the 3D vector
of Pauli matrices, and the classical vector field M(r) describes
the proximity effect to a ferromagnet. The amplitude of the
vector |M| = Δ sets the strength of the exchange coupling
between conduction electrons and localized momenta in the
ferromagnet.
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Figure 1. Schematic image of the near-field optical imaging of the
ferromagnetic wall via the excitation of the plasmon-polariton in Dirac
magnet. The profile of magnetization forming the domain wall is
shown with white arrows.
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We consider a flat domain wall that is elongated in the y-
direction and has a characteristic width a0 in the x-direction.
We assume that, away from the domain wall, the magnetization
is directed perpendicular to the electron plane M = −Δz ̂ for x
≪ −a0 and M = Δz ̂ for x ≫ a0. The value of exchange
coupling Δ ≈ 4 meV defines the spectral gap in the electron
spectrum (away from the domain wall). The corresponding
length, Δ? = ℏv/Δ ≈ 80 nm, sets the characteristic size of a
localized electron wave function of the helical state in the x-
direction. The domain wall is assumed to be smooth on atomic
scales but sufficiently sharp on the scale of Δ? , such that a0 ≪
Δ? . To avoid optical excitations of bulk states, one must further
ensure that the frequency of electromagnetic radiation is
smaller than the gap, ω ≪ Δ/ℏ ≈ 1 THz.
It is evident from eq 1 that the terms proportional to Mx and
My components can be added to the vector potential. Those
correspond to additional weak magnetic field in the vicinity of
the domain wall that can be neglected. In what follows, we
simply choose a particular model with Mx = My = 0 and Mz(x)
= Δtanh(x/a0). In the absence of electromagnetic radiation,
this model gives rise to an exactly solvable spectral problem,
σ σ ε[ × ] Ψ + Δ Ψ = Ψpv x
a
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The solution of eq 2 for |ε| < Δ is given by a single helical state,
ϕΨ = νr F x y( )
1
2
1
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with linear dispersion εk = ℏvk. Here, ϕk(y) is a plane wave in
the y-direction and Fν(x) is a bounded wave function
describing the profile of the helical state in the x-direction,
ϕ
π
ν= = [ ]ν ν
−
y F x
a B
x a
( )
1
2
e , ( )
(1/2, )
cosh ( / )k
iky 0
1/2
0 (4)
where the parameter ν = Δa /0 ? defines the wave function
decay, while B(1/2, ν) = Γ(1/2)Γ(ν)/Γ(1/2 + ν), entering the
normalization factor, is the Euler beta function.
The state Ψk is evidently an eigenstate of the current
operator jŷ = evσx that corresponds to the unidirectional
current in the y-direction (the helical state with the opposite
helicity would require Mz changing from positive to negative
with increasing x).
In the limit a0 ≪ Δ? , one finds a particularly simple
expression for the helical state profi le: F0(x) =
−| | Δ Δxexp( )/? ? .
The linear response of the current density j to the electric
field E is defined in the frequency domain by
∫ω σ ω ω= ′ ̂ ′ ′j r r r r E r( , ) d ( , ; ) ( , )3 (5)
where σ̂(r, r′; ω) is the conductivity tensor. Because of
translational invariance in the y-direction, the corresponding
Fourier transform can be taken in order to express the
conductivity tensor in the mixed representation σ̂(x, z; x′, z′, q;
ω), where q is the wave vector in the y-direction.
We shall further assume that the chemical potential of
electrons is well within the magnetization-induced gap, such
that |μ ± ℏω| ≪ Δ; hence, the THz radiation with frequency
ω cannot excite electron states in the bulk. In this regime, the
optical conductivity can be expressed by Kubo formula7 that
takes into account only the helical electron state, while the only
nonvanishing component of the conductivity tensor is given by
∫
σ ω δ δ
ω
π
ε ε
′ ′ =
ℏ
′ ′
−
× [ − ]
ν ν
−∞
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− +
x z x z q
ie
v z z
F x F x
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dk
f f
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yy
k q k q
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where f(ε) = [e(εk−μ)/T + 1]−1 is the Fermi distribution
function. For T ≪ Δ, the integration in eq 6 is readily
performed with the result
σ σ δ δ= ̅ ′ ′ω ν νF x F x z z( ) ( ) ( ) ( )yy q, 2 2 (7)
where we have defined a “one-dimensional” conductivity,
σ
π
α ω̅ = − −
=ω i
v
k qv c
k c
1
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/q,
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with α = e2/ℏc ≈ 1/137, standing for the fine structure
constant.
The result of eq 8 describes a 1D plasmon with the trivial
linear dispersion ωq = vq. It is known in the theory of 1D
electronic systems8−10 that, in contrast to single electron
excitations, such a plasmon may remain a good quasi-particle,
even in the presence of interactions. Moreover, it has been
shown that the analogous quasi-1D plasmons arising in various
2D electron systems subject to spatially inhomogeneous
potentials are characterized by extremely long lifetimes,
compared to their 2D counterparts.11,12
In our problem, the quasi-1D plasmon mode originates from
the quantized 1D electron helical state. However, the 1D
plasmons may also emerge from the bulk 2D continuum in the
case of the spatially modulated conductivity.13
When THz radiation is applied to the system, as shown in
Figure 1, the plasmon is transformed to another quasiparticle
that is called plasmon-polariton. To find its dispersion, it is
necessary to solve the Maxwell equation,
ω ω π ω= −E r E r j rk i k
c
rot rot ( , ) ( , )
4
( , )0
2 0
(9)
with the electric current j defined by eq 5. This equation is
equivalent to the integral equation of the form,
∫
∫
∑ω π ω
σ ω ω
= ′ − ′
× ″ ′ ″ ″
γ
αβ
γα
αβ β
r r r r
r r r r
E i
k
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G
E
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4
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d ( , ; ) ( , )
0 3
3
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where Gαβ(r − r′; ω) represents the dyadic Green’s function in
a vacuum.
Equation 10 is nontrivial only for the component Ey. Taking
into account again the translational invariance in y direction,
we obtain
∫
∫
ω σ π
ω
= ̅ ′ − ′
× ′ ″ ″ ″
ω
ν ν
E x z q i
k
c
x G x x z q
F x x F x E x q
( , ; ; )
4
d ( , ; )
( ) d ( ) ( , 0; ; )
y q yy
y
,
0
2 2
(11)
where we introduce the Fourier-transformed Green’s function
Gyy(x − x′, z − z′; q) in the mixed representation.
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To obtain the spectral equation on plasmon-polariton, we
multiply eq 11 by Fν
2(x)δ(z) and integrate over x and z. The
procedure leads to the relation
∫ ∫σ π= ̅ ′ − ′ ′ω ν νi kc x x F x G x x F x1
4
d d ( ) ( ) ( )q yy,
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where Gyy(x − x′) = Gyy(x − x′, 0; q). This Green’s function
can be represented as
∫ π− ′ =
−
+ −
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Substituting eq 13 in eq 12, we perform the integrations over x
and x′ analytically with the result
∫σω ν
ν= ̅ −
Γ
|Γ + |
− −
ω
−∞
∞
Δ
i k q
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that defines the exact dispersion relation ωq for the surface
plasmon-polariton.
It is instructive to analyze the dispersion relation defined by
eq 14 in the limit ν = Δa /0 ? ≪ 1. For ν = 0, eq 14 is simplified
to
α κ π− ̃ ̃ = ̃ ̃ −vq v q1 ( 1) ( )/22 ? (15)
where q̃ = qc/ω, ṽ = v/c, κ2 = 1 + −Δ k q( )/42 02 2? , and
∫κ κ
κ κ κ κ
= + + −
= [ + − ]
−∞
∞ − −
−
u u u( ) d (1 ) (1 )
(1 )arctanh( )
2 2 2 2 1/2
3 2
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Furthermore, we note that the condition ℏω≪ Δc/v is always
fulfilled; consequently, Δk0? ≪ 1. Thus, for sufficiently small
momenta (q≪ Δ
−1? ), we can always regard the parameter 1 −
κ2 as small and positive. In this limit, we can simply rewrite eq
15 as
α
π
− ̃ ̃ = ̃ ̃ −
−
−
Δ
vq v q
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This equation can be explicitly solved in the limit ω≪ qc (or q̃
≫ 1) with the result
ω α
π
= ± + −±
Δ
qv c
v q2
1 1
2
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Note that we formally restore the plasmon dispersion for α = 0.
Taking the leading logarithm approximation in eq 18, we
obtain a particularly simple relation
ω α
π
= ±
| |
≪±
Δ Δ
qv
c
v q
qln
1 1
q
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where the branches ω+ and ω− correspond to positive and
negative values of the momentum q, respectively. However, the
symmetry between the branches is broken for q approaching
Δ1/? . To describe the dispersion relation at sufficiently large
values of momenta, one still must refer to eq 14 or eq 15.
In Figure 2, we illustrate the dispersion relation obtained
numerically from eqs 14 and 15 for realistic parameter values.
We find that, for q > Δ1/? , the dispersion differs substantially
from the one for the Hall effect edge magneto-plasmon
polariton.14
For realistic analysis, one still must take into account the
presence of the substrate by replacing the dyadic Green’s
function in eq 12 with the one for a particular heterostructure.
The latter can be routinely calculated for an arbitrary layered
system.15 Here, we still refer to eqs 14 and 15 with the
parameters that are characteristic for a surface of ZrSiS3 in
proximity to a generic ferromagnetic film with a saturation
magnetization of 0.5 T. In such a setup, we have Δ ≈ 1.5 meV
and v ≈ 4.3 × 105 m/s, consequently, we find Δ? ≈ 0.2 μm.
In Figure 2, we plot the dispersion of the plasmon polariton
defined by eq 14 for different values of a0 = ν Δ? . A typical
domain wall with a width of a0 ≈ 10 nm corresponds to ν ≈
0.05. It can be seen that the dispersion for the case of ν = 0.05
does agree very well with the one given by eq 15 for ν = 0. The
discrepancies between the results of eqs 14 and 15 become
visible only for ν ≈ 1. For small values of momenta, the results
are well-described by the limiting expression of eq 19. We note
that our choice of parameters correspond to αc/πv ≈ 1.6.
In the case of finite temperatures, the interband absorption
should be taken into consideration. This would result in the
nonzero real part of the dynamical conductivity. The
expression for σ̃ω,q then yields
σ
π
α
γ̃
=
− +ω
i v
k qv c i2 /q, 0
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where γ stems for the interband absorption. This, in turn,
would result in the finite propagation length of the plasmon-
polariton. The propagation length lprop at temperature T can be
roughly estimated as
≈ ω−ℏ −l qe m kT yprop
( )/ 1
(21)
At T = 1 K and at the polariton frequency ω = Δ/2 = 0.75
meV, the propagation length is 1.8 mm for the right-
propagating polariton and 0.9 mm for the left propagating
polariton.
Figure 2. Dispersion of the one-dimensional (1D) topological
plasmon polariton for characteristic material parameters of FM/
ZrSiS heterostructure, where q is the wave vector component along
the electron helical state. For q≪ Δ1/? ≈ 5 μm−1, the two branches of
the dispersion are almost symmetric and are given by eq 19. For q ≳
Δ1/? , one observes strong asymmetry of the branches. Different lines
correspond to different choices of the domain wall width a0 = ν Δ? :
black line (ν = 0), green line (ν = 0.05), dotted red (ν = 1), and
dashed blue (ν = 2). Other parameters of the calculation are listed in
the text.
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Let us now consider a particular scenario for the excitation
of the helical plasmon-polariton. For that, we adopt the
scattering SNOM technique, which has been used to visualize
the propagation of the 2D and edge plasmons in several
systems.4,5,16 Within this approach, a tip of SNOM is located in
the vicinity of the domain wall. A coherent electromagnetic
signal then is focused by an antenna to the tip end. The tip
then scatters the radiation as a point dipole. The near field of
the scattered signal then excites the resonant plasmonic modes.
The propagating plasmonic mode can then be scattered by the
tip to the far field and be collected by the detector. This allows
one to measure the real space intensity profile of the 2D and
1D plasmon polaritons. While conventionally, tips scatter as
dipoles oriented perpendicular to the surface, the polarization
can be controlled by engineering of the tip shape.17 Here, for
the sake of clarity, we consider the scattered field by a y-
polarized point dipole located in a vicinity of the domain wall,
r0 = (x0, 0, z0). The y-component of the electric field is given
by
∫
ω
α
= − −
+ ̃Λ ′ − ′ ′ν
E x z q G x x z z q
v q x z x G x x z q F x
( , , ; ) ( , ; )
( , , ) d ( , ; ) ( )
y yy
yy
0 0
0 0
2
(22)
where we again adopt the mixed representation of the dyadic
Green’s function used in eq 11, and
∫
α κ π γ
Λ =
″ ″ − − ″
− ̃ ̃ − ̃ ̃ − +
νq x z
x G x x z q F x
vq v q i
( , , )
d ( , ; ) ( )
1 ( 1) ( )/2
yy
0 0
0 0
2
2 ?
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In Figure 3a, we plot the second term at the right-hand side
of eq 22 that represents the Fourier transform of the y-
component of the electric field scattered by the domain wall. In
the plot, we choose ℏω = 0.75 meV, r0 = (−5, 0, 0.1) μm, and
γ = 0.002.
The plot shows that, besides the broad distribution of the
near field, there exist two narrow peaks corresponding to the
excitation of the surface plasmon polaritons (marked with
dashed white ellipses). Indeed, the central positions of these
peaks match the dispersion relation of eqs 14,17 (see Figure 2)
at the corresponding frequency.
Also note that both the peak positions and the peak intensity
are somewhat different for positive and negative q (for |q| ≳
Δ1/? ) highlighting the helicity of the corresponding electron
state. In Figure 3b, we show the real space map of the y-
component of the electric field given by eq 22. The map
illustrates the field scattered by the point dipole, which excites
the domain wall plasmon-polariton. First of all, as can be seen,
the excitation of the chiral plasmon polariton is asymmetric.
This is due to the fact that, because of the finite absorption, the
propagation lengths of the right and left moving plasmons are
different. This can be seen in detail in Figure 3c, where the plot
of |Ey| at x = 0 is plotted. Moreover, the oscillations of the
electric field modulus are observable. These oscillations arise
due to the interference of the field directly scattered by the tip
end and the plasmon polariton field. The period of the
oscillations L is dependent on the wavevector of plasmon
polariton as (qy − k0)L = 2π. For the right propagating
plasmon polariton, the period is equal to 6.3 μm, which
corresponds to qy ≈ 1 μm−1, coinciding with the analytical
expression. The left propagating plasmon polariton decays
rapidly; however, the oscillations are still present (see Figure
3d) and the period corresponds to qy ≈ 2 μm−1, which also
coincides with the analytical result. Thus, the dispersion of the
plasmon-polariton can be probed directly in the near-field
scanning optical microscopy measurements.
In conclusion, we considered a model of a helical electron
state that can be formed along at a surface of 3D topological
insulator or topological semi-metal that is brought into
proximity to a ferromagnetic thin film with a flat domain
wall. Such a state is analogous to the quantum Hall edge state
but arises because of the anomalous Hall effect. We
demonstrated that the state supports domain wall plasmon-
polariton excitations and computed, for a simple model, the
plasmon-polariton dispersion relation. We discuss a possibility
to observe the effect with THz near-field scanning optical
microscopy.
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